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The frustrated spin-1/2 Ising-Heisenberg ladder with Heisenberg intra-rung and Ising inter-rung
interactions is exactly solved in a longitudinal magnetic field by taking advantage of the local
conservation of the total spin on each rung and the transfer-matrix method. We have rigorously
calculated the ground-state phase diagram, magnetization process, magnetocaloric effect and basic
thermodynamic quantities for the model, which can be alternatively viewed as an Ising-Heisenberg
tetrahedral chain. It is demonstrated that a stepwise magnetization curve with an intermediate
plateau at a half of the saturation magnetization is also reflected in respective stepwise changes of
the concurrence serving as a measure of bipartite entanglement. The ground-state phase diagram
and zero-temperature magnetization curves of the Ising-Heisenberg tetrahedral chain are contrasted
with the analogous results of the purely quantum Heisenberg tetrahedral chain, which have been
obtained through density-matrix renormalization group (DMRG) calculations. While both ground-
state phase diagrams fully coincide in the regime of weak inter-rung interaction, the purely quantum
Heisenberg tetrahedral chain develops Luttinger spin-liquid and Haldane phases for strongly coupled
rungs which are absent in the Ising-Heisenberg counterpart model.
PACS numbers: 05.50.+q, 64.60.F-, 75.10.Jm, 75.30.Kz, 75.40.Cx
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I. INTRODUCTION
Exactly solved quantum spin models represent im-
portant milestones in statistical mechanics as they pro-
vide deeper insights into otherwise hardly understand-
able aspects of cooperative phenomena [1–3]. The spin- 12
quantum Ising and XY chains in a transverse magnetic
field are for instance paradigmatic examples of exactly
tractable models, which have helped us to clarify generic
features of quantum phase transitions [4, 5]. It should
be emphasized, however, that the complete rigorous so-
lution is beyond the scope of present knowledge for most
of the quantum spin models.
An important utilization of exactly solved quantum
spin models has been recently found in the field of quan-
tum information and computation, where they provide
indispensable ground for the development and further
testing of entanglement measures (see Refs. [6–8] for
comprehensive reviews on this subject). It is noteworthy
that the quantum entanglement is the main resource that
allows the quantum computation and communication [9],
whereas entanglement measures can be related via cer-
tain witnesses to thermodynamic quantities that offer
an intriguing possibility for experimental testing [10–12].
Among the most challenging tasks in this research field is
∗Electronic address: jozef.strecka@upjs.sk
to explore a bipartite entanglement near quantum critical
points of exactly solved spin chains [13–20].
A significant variation of entanglement measures has
been also found across the quantum phase transition of
the antiferromagnetic spin- 12 Heisenberg two-leg ladder
driven by a longitudinal magnetic field [21, 22], which
exhibits a peculiar gapless Luttinger liquid phase at mod-
erate magnetic fields. Beforehand, the quantum spin- 12
Heisenberg two-leg ladder has been subject of tremen-
dous theoretical efforts mainly due to a rather extensive
list of solid-state materials (falling mostly into the fam-
ily of cuprates) offering its experimental realizations [23–
25]. Later, it has been demonstrated that the frustrated
spin- 12 Heisenberg two-leg ladder with an additional di-
agonal (next-nearest-neighbor) coupling between two legs
exhibits an intriguing intermediate plateau at half of the
saturation magnetization and macroscopic magnetization
jumps related with its presence [26–29]. Bose and Chat-
topadhyay have proved that the macroscopic magnetiza-
tion plateaux and jumps give rise to similar features of
the entanglement measures [30].
A few rigorous results have been reported so far only
for the special case of the frustrated spin- 12 Heisenberg
two-leg ladder with equal interactions along legs and di-
agonals, which has two different gapped rung singlet-
dimer and Haldane-like zero-field ground states [31–35].
It is worthwhile to remark that this notable special case
can be alternatively viewed as the spin- 12 Heisenberg
chain of linked tetrahedra (tetrahedral chain). Recently,
we have proposed the hybrid spin- 12 Ising-Heisenberg
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FIG. 1: (a) A diagrammatic representation of the spin- 1
2
Ising-Heisenberg tetrahedral chain. Thick (blue) lines repre-
sent the XXZ Heisenberg coupling (Jx, Jz), while thin (red)
lines correspond to the Ising coupling J1; (b) the tetrahedral
chain can also be viewed as a frustrated two-leg ladder with
equal Ising interactions along legs and diagonals.
two-leg ladder with the Heisenberg intra-rung and Ising
inter-rung interactions, which is fully exactly tractable at
zero [36, 37] as well as non-zero [38] temperatures. The
main goal of the present work is to clarify the magnetic
behavior of this exactly solvable model in a longitudinal
magnetic field, which may also reveal some important
aspects of its full quantum Heisenberg counterpart. A
possible experimental realization of the anisotropic ver-
sion of the spin- 12 Heisenberg tetrahedral chain has been
recently discovered in Cu3Mo2O9 [39–41].
The organization of this paper is as follows. The Ising-
Heisenberg tetrahedral chain is introduced in Sec. II
along with basic steps of its exact analytical treatment.
Sec. III briefly describes the details of DMRG calcu-
lations performed for the analogous but purely quan-
tum Heisenberg tetrahedral chain. The most interest-
ing results for the ground state, magnetization process,
bipartite entanglement and overall thermodynamics of
the Ising-Heisenberg tetrahedral chain are discussed in
Sec. IV. Sec. V further compares ground-state phase dia-
grams and magnetization process of the Ising-Heisenberg
tetrahedral chain and its full quantum Heisenberg coun-
terpart. Finally, several concluding remarks are men-
tioned in Sec. VI.
II. ISING-HEISENBERG TETRAHEDRAL
CHAIN
Let us consider the spin- 12 Ising-Heisenberg chain,
which consists of edge-sharing tetrahedra involving
Heisenberg and Ising interactions as schematically illus-
trated in Fig. 1(a). It is quite apparent from this figure
that the Heisenberg coupling is assigned to all common
edges shared by neighboring tetrahedra, while all other
edges schematically represent the Ising interaction. The
Ising-Heisenberg tetrahedral chain can be alternatively
viewed as a special case of the frustrated Ising-Heisenberg
two-leg ladder [36, 37] with the Heisenberg intra-rung in-
teraction and uniform Ising coupling along legs and di-
agonals, respectively (see Fig. 1(b)). The Hamiltonian of
the spin- 12 Ising-Heisenberg tetrahedral chain is given by
Hˆ =
N∑
i=1
[
Jx(σˆ
x
1,iσˆ
x
2,i + σˆ
y
1,iσˆ
y
2,i) + Jz σˆ
z
1,iσˆ
z
2,i (1)
+ J1(σˆ
z
1,i + σˆ
z
2,i)(σˆ
z
1,i+1 + σˆ
z
2,i+1)− h(σˆz1,i + σˆz2,i)
]
,
where σˆαγ,i marks the standard spin-
1
2 Pauli operator,
the superscript α ∈ {x, y, z} labels its spatial compo-
nent and the subscript γ = 1, 2 specifies a given leg (see
Fig. 1(b)). The interaction terms Jx and Jz denote
the spatially anisotropic XXZ Heisenberg interaction in-
cident to the edges shared by the neighboring tetrahedra,
the parameter J1 labels the Ising interaction attached
to all the other (not shared) edges and h is Zeeman’s
term associated with a presence of the longitudinal mag-
netic field. It is worthwhile to remark that different sign
convention is used in the Hamiltonian (1) for coupling
constants as compared to our preceding paper concerned
with the zero-field limit of the model under investigation
[38], since our attention will be henceforth restricted only
to a particular case of the model with the antiferromag-
netic interactions Jx > 0, Jz > 0 and J1 > 0 displaying
the most interesting physical features such as the spin
frustration, magnetization plateaux, etc.
As it has been shown previously [38], it is quite con-
venient to rewrite the Hamiltonian (1) with the help of
spatial components of the total spin angular momentum
Sˆαi = σˆ
α
1,i + σˆ
α
2,i of two spins coupled by the Heisenberg
interaction. Using the spin identity (Sˆαi )
2 = 12+2σˆ
α
1,iσˆ
α
2,i,
the Hamiltonian (1) of the spin- 12 Ising-Heisenberg tetra-
hedral chain takes the form
Hˆ =
N∑
i=1
[
J1Sˆ
z
i Sˆ
z
i+1 +
Jx
2
Sˆ
2
i +
Jz − Jx
2
(
Sˆzi
)2
− hSˆzi
]
− N
4
(2Jx + Jz). (2)
Apparently, the Hamiltonian (2) is entirely expressed in
terms of the total spin angular momentum Sˆ2i and its
z-spatial component Sˆzi , which correspond to conserved
quantities with well defined quantum numbers Si(Si+1)
and Szi = −Si,−Si + 1, . . . , Si, respectively. Hence, it
follows that the Hamiltonian (1) of the spin- 12 Ising-
Heisenberg tetrahedral chain has been rigorously mapped
onto the Hamiltonian (2) of some classical composite
spin-chain model as the quantum spin number for the to-
tal angular momentum of two spins is either Si = 0 or 1.
It is quite obvious from Eq. (2) that the Ising interaction
J1 and the external magnetic field h directly determine
the effective nearest-neighbor interaction and effective
field within the composite spin-chain model. In addition,
the XXZ Heisenberg interaction determines an effective
single-ion anisotropy Jz−Jx4 acting within the triplet sec-
tor of the composite spin Si = 1 and it also shifts the en-
ergy between singlet and triplet sectors. Bearing all this
3in mind, the Hamiltonian of the spin- 12 Ising-Heisenberg
tetrahedral chain can be fully diagonalized and rewritten
into the form
H = H0 +
N∑
i=1
Hi, (3)
which is split into the less important constant term H0 =
−N4 (2Jx + Jz) and the sum of symmetric expressions Hi
involving only eigenvalues of two subsequent composite
spins Si and Si+1
Hi = J1Szi Szi+1 +
Jx
4
[Si(Si + 1) + Si+1(Si+1 + 1)]
+
Jz − Jx
4
[
(Szi )
2
+
(
Szi+1
)2]− h
2
(
Szi + S
z
i+1
)
. (4)
It is noteworthy that the diagonalized Hamiltonian (4)
of the composite spin-chain model can be straightfor-
wardly used to obtain all available ground states, the
overall excitation spectrum and besides, it also implies a
possibility for an implementation of the classical transfer-
matrix method [42] to gain exact results for thermody-
namic quantities. Substituting the effective Hamiltonian
(3) into the definition of the partition function, one in-
deed obtains the following relation for the partition func-
tion of the spin- 12 Ising-Heisenberg tetrahedral chain
Z = Tr e−βHˆ = e−βH0
∑
{Si}
N∏
i=1
e−βHi (5)
= e−βH0
∑
{Si}
N∏
i=1
T (Si, S
z
i ;Si+1, S
z
i+1) = e
−βH0TrTN ,
where β = 1/(kBT ), kB is the Boltzmann’s constant, T
is the absolute temperature, the summation
∑
{Si} runs
over all possible values of a full set of the quantum spin
numbers {Si} and the expression T (Si, Szi ;Si+1, Szi+1)
marks the transfer matrix
T (Si, S
z
i ;Si+1, S
z
i+1) = 〈Si, Szi |e−βHi |Si+1, Szi+1〉
=


1 xyw x2 xyw−1
xyw x2y2zw2 x3yw x2y2z−1
x2 x3yw x4 x3yw−1
xyw−1 x2y2z−1 x3yw−1 x2y2zw−2

 (6)
with x = e−
βJx
4 , y = e−
βJz
4 , z = e−βJ1 , and w = e
βh
2 .
Now, it is sufficient to find the largest eigenvalue of the
transfer matrix (6) in order to gain an exact expression
for the partition function, free energy and overall thermo-
dynamics. By inspection, one out of four eigenvalues of
the transfer matrix (6) equals zero (λ0 = 0) since its first
and third row are linearly dependent, while other three
eigenvalues can be found by solving the cubic equation
λ3 − aλ2 + bλ+ c = 0 (7)
with the coefficients
a = 1 + e−βJx + 2e−βJ1−
β
2
(Jx+Jz) cosh(βh),
b = 2(−1 + e−βJ1)(1 + e−βJx)e− β2 (Jx+Jz) cosh(βh)
− 2e−β(Jx+Jz) sinh(2βJ1),
c = 2(1 + e−βJx)e−β(Jx+Jz)[sinh(2βJ1)− sinh(βJ1)].(8)
Following the standard procedure (see for instance
Ref. [43]) one easily finds the remaining three transfer-
matrix eigenvalues as roots of the cubic equation (7)
λj =
a
3
+ 2sgn(q)
√
p cos
[
1
3
(φ+ j2pi)
]
, (j = 1, 2, 3) (9)
whereas
p =
(a
3
)2
− b
3
,
q =
(a
3
)3
− ab
6
− c
2
,
φ = arctan
(√
p3 − q2
q
)
. (10)
In the thermodynamic limit N → ∞, the free energy
per unit cell is determined just by the largest eigenvalue
λmax = max{λ1, λ2, λ3} among the three roots (9) of the
cubic equation (7)
f = −β−1 lim
N→∞
1
N
lnZ = −2Jx + Jz
4
− β−1 lnλmax.
(11)
Next, let us calculate a few quantities such as the mag-
netization and pair correlation functions, which will shed
light on a magnetic behavior of the investigated spin-
chain model. The single-site magnetization normalized
with respect to its saturation value (ms =
1
2 ) can be ob-
tained by differentiating of the free energy with respect
to the external magnetic field, which is equivalent to a
differentiation of logarithm of the largest transfer-matrix
eigenvalue easily performed with the help of Eq. (7)
m
ms
= −∂f
∂h
=
∂ lnλmax
∂(βh)
=
ahλmax − bh
3λ2max − 2aλmax + b
. (12)
Here, we have introduced the expressions ah and bh de-
fined as follows
ah = 2e
−βJ1− β2 (Jx+Jz) sinh(βh),
bh = 2(−1 + e−βJ1)(1 + e−βJx)e−
β
2
(Jx+Jz) sinh(βh).
(13)
A similar procedure can be also employed for the calcula-
tion of spatial components of the pair correlation function
between two spins coupled by the Heisenberg interaction
Cα ≡ 〈σˆα1,iσˆα2,i〉 = −
1
4
+
aαλ
2
max − bαλmax − cα
3λ3max − 2aλ2max + bλmax
, (14)
4which are expressed in terms of the coefficients aα, bα
and cα explicitly given for α = x and z by
ax =
1
2
e−βJx +
1
2
e−βJ1−
β
2
(Jx+Jz) cosh(βh),
bx =
1
2
(−1 + e−βJ1)(1 + e−βJx)e− β2 (Jx+Jz) cosh(βh)
+ (−1 + e−βJ1)e− β2 (3Jx+Jz) cosh(βh)
− e−β(Jx+Jz) sinh(2βJ1),
cx = (1 + 2e
−βJx)e−β(Jx+Jz)[sinh(2βJ1)− sinh(βJ1)],
az = e
−βJ1− β2 (Jx+Jz) cosh(βh),
bz = (−1 + e−βJ1)(1 + e−βJx)e−
β
2
(Jx+Jz) cosh(βh)
− 2e−β(Jx+Jz) sinh(2βJ1),
cz = 2(1 + e
−βJx)e−β(Jx+Jz)[sinh(2βJ1)− sinh(βJ1)].
(15)
After evaluating the single-site magnetization (12) and
both spatial components of the pair correlation function
(14), one may obtain in a rather straightforward manner
a concurrence that serves as a measure of bipartite en-
tanglement between the nearest-neighbor spins coupled
by the XXZ Heisenberg interaction [44–46]
C = max

0, 4|Cx| − 2
√(
1
4
+ Cz
)2
−m2

 . (16)
In the following, we will use the explicit formula (16) for
the concurrence in order to quantify thermal entangle-
ment between two spins coupled by the Heisenberg inter-
action at finite temperatures and magnetic fields. Note
furthermore that any other pair of spins is completely dis-
entangled on behalf of a lack of quantum correlations in
between them. Last but not least, other important ther-
modynamic quantities like for instance entropy or spe-
cific heat can also be readily computed from the exact
expression (11) for the reduced free energy by making
use of standard thermodynamic relations
S = − ∂f
∂T
and C = T
∂S
∂T
. (17)
III. HEISENBERG TETRAHEDRAL CHAIN
It might be quite interesting to contrast the exact re-
sults derived previously for the spin- 12 Ising-Heisenberg
tetrahedral chain with the accessible results for the anal-
ogous but fully quantum spin- 12 Heisenberg tetrahedral
chain, which is defined through the Hamiltonian
Hˆ =
N∑
i=1
[Jσˆ1,i · σˆ2,i + J1(σˆ1,i + σˆ2,i) · (σˆ1,i+1 + σˆ2,i+1)
− h(σˆz1,i + σˆz2,i)]. (18)
The interaction terms J and J1 have similar meaning as
described previously with exception that they both re-
fer to the isotropic Heisenberg coupling. It is worthwhile
to recall that the zero-field limit of the model (18) has
been thoroughly investigated, sometimes referred to as
Gelfand ladder [28, 31], and an exact dimerized (rung
singlet) ground state has been verified in the frustrated
regime J1J < 0.7135. It should be also mentioned that
the ground-state phase diagram and magnetization pro-
cess of the spin- 12 Heisenberg tetrahedral chain given by
the Hamiltonian (18) have been already obtained in Ref.
[27] by employing density-matrix renormalization group
(DMRG) calculations for the effective Hamiltonian de-
rived in terms of the composite spin operators [47]. In the
following, we will present an alternative approach how to
arrive to the same effective Hamiltonian by making use
of projection operators [32].
To treat the frustrated spin- 12 Heisenberg ladder (18)
within the DMRG method, it is advisable to derive first
the effective Hamiltonian in the basis spanned over eigen-
states |0〉i = (|↑1,i↓2,i〉 − |↓1,i↑2,i〉)/
√
2, |1〉i = |↑1,i↑2,i〉,
|2〉i = (|↑1,i↓2,i〉 + |↓1,i↑2,i〉)/
√
2, |3〉i = |↓1,i↓2,i〉 of the
decoupled spin- 12 Heisenberg dimers (i.e. the J1 = 0
limit) [32, 33]. All spin operators entering the Hamilto-
nian (18) can be subsequently expressed in terms of op-
erators Akl (k, l = 0, 1, 2, 3), which obey the pseudospin
algebra [Akl, Amn] = Aknδlm−Amlδnk and have physical
meaning of projection operators within this basis set (for
example, A00 is the projection operator for the singlet-
dimer state, see Ref. [32] for more details). The Hamil-
tonian (18) can be then fully expressed in terms of the
projection operators
Hˆ =
N∑
i=1
{
J
(
1
4
−Ai00
)
+ J1[(A
i
11 −Ai33)(Ai+111 −Ai+133 )
+ (Ai21 +A
i
32)(A
i+1
12 +A
i+1
23 ) + (A
i
12 +A
i
23)
× (Ai+121 +Ai+132 )]− h(Ai11 −Ai33)
}
. (19)
The part of the Hamiltonian (19) depending on the pro-
jection spin operators Akl that act only within the triplet
sector (k, l = 1, 2, 3) can be subsequently replaced with
the new spin-1 operators
Pˆi
+
=
√
2(Ai12 + A
i
23),
Pˆi
−
=
√
2(Ai21 + A
i
32),
Pˆi
z
= Ai11 − Ai33, (20)
which satisfy the usual SU(2) algebra with the stan-
dard commutation relations [Pˆi
+
, Pˆi
−
] = 2Pˆi
z
and
[Pˆi
z
, Pˆi
±
] = ±Pˆi±. Omitting the unimportant constant
term NJ4 , the Hamiltonian (19) can be modified to the
following final form by taking into account the definition
(20) of the spin-1 operators
Hˆ = −J
N∑
i=1
Ai00 + J1
N∑
i=1
Pˆi · Pˆi+1 − h
N∑
i=1
Pˆ zi . (21)
5It should be emphasized that the Hamiltonian (21) con-
sists of three commuting parts. The first part involves
a sum of singlet projection operators Ai00 for individual
rungs, the second part corresponds to the spin-1 Heisen-
berg chain and the third part accounts for the effect of
the external magnetic field. Note that Ai00 and Pˆi act
in the mutually orthogonal subspaces corresponding to
the singlet and triplet states on ith rung. According to
this, we have to minimize the overall energy as a sum
of three separate contributions considered above in or-
der to get the ground-state energy of the fully quantum
spin- 12 Heisenberg tetrahedral chain. While the first con-
tribution lowers the overall energy by −J for each rung
residing the singlet-dimer state, one may take advantage
of the state-of-art DMRG calculations in order to get an
accurate estimate of the ground-state energy of the effec-
tive spin-1 Heisenberg chain [48]. This procedure allows
us to avoid extensive (more time-consuming) DMRG sim-
ulation of the spin- 12 Heisenberg tetrahedral chain with
2N sites (N rungs) by much more effective DMRG sim-
ulation of the spin-1 Heisenberg chain with N sites.
To accomplish this task, we have performed DMRG
calculations of the spin-1 Heisenberg chain with the to-
tal number of sites N = 40, 60, 80 implying the peri-
odic boundary condition and the number of kept states
up to 1200 by making use of an open source software
from Algorithms and Libraries for Physics Simulations
(ALPS) project [49]. It has been verified in Ref. [27]
that the DMRG data for the effective spin-1 Heisenberg
chain of 60 sites (without any extrapolation) estimate the
ground-state energy of an infinite chain with an accuracy
of 10−4. From this perspective, our numerical results
for the largest spin-1 Heisenberg chain of 80 sites can
be straightforwardly used in order to construct the nu-
merically exact ground-state phase diagram of the spin- 12
Heisenberg tetrahedral chain. To eliminate finite-size ef-
fects, the magnetization curves of the spin- 12 Heisenberg
tetrahedral chain have been extrapolated to the thermo-
dynamic limit. The rigorous numerical results obtained
in this way for the spin- 12 Heisenberg tetrahedral chain
will be compared with the exact analytical results for the
spin- 12 Ising-Heisenberg tetrahedral chain in Sec. V.
IV. RESULTS AND DISCUSSION
In this section, let us proceed to a discussion of the
most interesting results for the spin- 12 Ising-Heisenberg
tetrahedral chain by considering the particular case with
antiferromagnetic interactions Jx > 0, Jz > 0 and
J1 > 0. For simplicity, our attention will be hence-
forth paid only to a special case of the investigated spin
chain with the isotropic Heisenberg intra-rung interaction
Jx = Jz = J , which illustrates all typical features of the
more general model with the anisotropic XXZ Heisenberg
interaction Jx 6= Jz.
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FIG. 2: The ground-state phase diagram of the spin- 1
2
Ising-
Heisenberg tetrahedral chain in J1/J − h/J plane for the
isotropic Heisenberg coupling (Jx = Jz = J), which in-
volves rung singlet-dimer (SD), superantiferromagnetic (SA),
staggered-bond (SB), and ferromagnetic (FM) ground states.
A. Ground-state phase diagram
A diagonal form of the Hamiltonian (4) can be rather
straightforwardly used in order to obtain all possible
ground states of the spin- 12 Ising-Heisenberg tetrahedral
chain. By inspection, one finds just four different ground
states: the rung singlet-dimer (SD) state, the superanti-
ferromagnetic (SA) state, the staggered-bond (SB) state
and the ferromagnetic (FM) state, which are unambigu-
ously given by the following eigenvectors
|SD〉 =
N∏
i=1
1√
2
(|↑1,i↓2,i〉 − |↓1,i↑2,i〉) ,
|SA〉 =
N/2∏
i=1
|↑1,2i−1↑2,2i−1〉 ⊗ |↓1,2i↓2,2i〉,
|SB〉 =
N/2∏
i=1
|↑1,2i−1↑2,2i−1〉⊗ |↑1,2i↓2,2i〉−|↓1,2i↑2,2i〉√
2
,
|FM〉 =
N∏
i=1
|↑1,i↑2,i〉. (22)
The ground-state phase diagram involving all available
ground states is depicted in Fig. 2. The unique SD state
with all Heisenberg bonds (rungs) in the singlet-dimer
state becomes the ground state in a parameter space de-
limited by the conditions J1 < J and h < J . If the condi-
tions J1 > J and h < 2J1−J are met, the ground state is
formed by the two-fold degenerate SA spin arrangement
with a regular alternation the fully polarized Heisenberg
rungs into two opposite directions. Evidently, the to-
tal magnetization of SD and SA ground states equals
zero. As long as the reverse conditions J1 < J , h > J
or J1 > J , h > 2J1 − J are fulfilled, the two-fold degen-
6erate SB state with a regular alternation of the singlet
dimers and polarized triplets occurs as a result of the
field-induced transition from the SD or SA ground state.
According to this, the spin- 12 Ising-Heisenberg tetrahe-
dral chain must exhibit in a zero-temperature magneti-
zation curve an intermediate plateau at half of the satu-
ration magnetization due to the symmetry-broken mag-
netic structure of the SB ground state in which half of
the Heisenberg rungs is polarized by the external mag-
netic field. Finally, the model under investigation shows
a transition towards the fully polarized FM ground state
as soon as the saturation field h = 2J1 + J is reached.
Note furthermore that the macroscopic degeneracy at
the boundaries between different phases can be found
at the relevant field-induced transitions. At the SA-
SB boundary each second rung can stay in two different
states (singlet and fully polarized) leading to the macro-
scopic degeneracy of 2N/2. The degenerate states at the
SD-SB and SB-FM boundaries can be described by the ef-
fective one-dimensional hard-dimer model using the pro-
cedure quite analogous to that one reported in Ref. [56].
As a result, the macroscopic degeneracy is ((1+
√
5)/2)N
for this case. The obtained macroscopic degeneracy leads
to a residual ground-state entropy, which will be more
thoroughly examined in Sec. IVD.
B. Magnetization process
Let us proceed to a detailed examination of the mag-
netization process to verify the presence of the intermedi-
ate plateau at one-half of the saturation magnetization,
which would correspond to a field-induced stabilization
of the SB ground state. Fig. 3 shows a three-dimensional
(3D) plot of the magnetization as a function of the di-
mensionless magnetic field and temperature for two al-
ternative choices of the interaction ratio J1J = 0.5 and 1.5
driving the investigated spin chain in the zero-field limit
towards the SD and SA ground state, respectively. As
one can see, the low-temperature magnetization curves
clearly serve in evidence of the one-half magnetization
plateau irrespective of whether the SD or SA state is be-
ing the respective zero-field ground state. The stepwise
magnetization curve with a steep increase of the magne-
tization observable in a vicinity of the relevant transition
fields is generally smoothened by increasing temperature,
whereas the thermally invoked smoothening occurs faster
for the unique quantum SD state than the classical but
doubly degenerate SA state.
C. Bipartite entanglement
Although two magnetization curves displayed in Fig.
3 are qualitatively the same regardless of whether the
quantum SD or classical SA spin arrangement is real-
ized at low enough magnetic fields, one may take ad-
vantage of the concurrence for two spins coupled by the
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FIG. 3: 3D plot of the magnetization normalized with respect
to the saturation value against temperature and magnetic
field for the isotropic Heisenberg coupling (Jx = Jz = J) and
two different values of the interaction ratio: (a) J1/J = 0.5;
(b) J1/J = 1.5.
Heisenberg interaction to discern both different magne-
tization scenarios. To bring an insight into the degree
of quantum correlations during the magnetization pro-
cess, the analogous 3D plot of the concurrence against
temperature and magnetic field is depicted in Fig. 4 as
formerly presented for the magnetization. Evidently, the
former particular case shown in Fig. 4(a) is consistent
with the existence of the maximally entangled SD ground
state in a low-field region, while the latter particular case
depicted in Fig. 4(b) demonstrates a lack of quantum
correlations at sufficiently low fields due to the classical
SA ground state. If the SD state forms the zero-field
ground state, the magnetic field generally acts in con-
junction with temperature to diminish the concurrence
(Fig. 4(a)). There is however one fundamental difference
between temperature and magnetic-field effect upon the
quantum entanglement. While the field-induced changes
of the concurrence are abrupt, the concurrence dimin-
ishes more continuously owing to the increasing temper-
ature until it completely disappears at some threshold
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FIG. 4: 3D plot of the concurrence against temperature and
magnetic field for the isotropic Heisenberg coupling (Jx =
Jz = J) and two different values of the interaction ratio: (a)
J1/J = 0.5; (b) J1/J = 1.5.
temperature. The macroscopic magnetization jumps and
plateaux are accordingly reflected in the respective entan-
glement jumps and plateaux as well [30]. Another inter-
esting observation can be made for the other particular
case with the classical SA state as the zero-field ground
state (Fig. 4(b)). Under this condition, the rising mag-
netic field causes a peculiar abrupt increase of the con-
currence on behalf of the field-induced transition towards
the SB ground state. It is noteworthy that the concur-
rence achieves exactly half of its maximum value within
the SB ground state, because the maximally entangled
singlet dimers regularly alternate with the fully polarized
(disentangled) triplet states [30]. The fact that the ex-
ternal field is responsible for an appearance of quantum
correlations above the classical SA ground state repre-
sents a quite unexpected finding, since the longitudinal
magnetic field usually destroys quantum correlations.
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0
0.1
0.2
0.3
0.4
0.5
0.35
0.5*ln[(1+51/2)/2]  
S / 2NkB = 0.4
0.3
0.2
 
 
J1 / J  = 0.5 
(a)                                              h / J
k B
 T
  /
 J
0.0
0.1
0.2
0.3
0.3
0.4
0.5
S /2NkB
0.1
0 1 2 3 4 5 6
0.0
0.2
0.4
0.6
0.8
0.
25
*l
n(
2)
0.
17
0.5*ln[(1+51/2)/2]  
S / 2NkB = 0.4
0.3
0.2
 
 
J1 / J  = 1.5 
(b)                                              h / J
k B
 T
  /
 J
0.0
0.1
0.2
0.3
0.4
0.4
0.5
S /2NkB
0.1
FIG. 5: Temperature as a function of the magnetic field by
keeping entropy constant and selecting two different values
of the interaction ratio: (a) J1/J = 0.5; (b) J1/J = 1.5.
White lines correspond to the particular cases with the largest
magnetocaloric effect.
D. Adiabatic demagnetization
Recently, it has been demonstrated that several frus-
trated spin systems may exhibit an enhanced mag-
netocaloric effect during the adiabatic demagnetiza-
tion, which might be of practical importance for low-
temperature magnetic refrigeration [50–55]. Owing to
this fact, let us also investigate the adiabatic demagne-
tization of the spin- 12 Ising-Heisenberg tetrahedral chain
under the adiabatic (isentropic) conditions. Fig. 5 il-
lustrates typical isentropic changes of temperature upon
varying the external magnetic field for the two different
magnetization scenarios discussed previously. A sequence
of two field-induced transitions FM→SB→SD upon de-
creasing the magnetic field is reflected in the relevant
temperature changes shown in Fig. 5(a). It is quite ob-
vious from this figure that the most prominent magne-
tocaloric effect can be detected just if the entropy is se-
lected sufficiently close to the value S = NkB ln(
1+
√
5
2 ),
under which temperature vanishes infinitely fast as the
external field approaches one of the two transition fields.
The other particular case shown in Fig. 5(b) reflects
another possible sequence of two field-induced transi-
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FIG. 6: 3D plot of the specific heat against temperature and
magnetic field for the isotropic Heisenberg coupling (Jx =
Jz = J) and two different values of the interaction ratio: (a)
J1/J = 0.5; (b) J1/J = 1.5.
tions FM→SB→SA, which displays an enhanced magne-
tocaloric effect provided that the entropy is kept either
close to the value S = NkB ln(
1+
√
5
2 ) or
1
2 ln(2). The
former value S = NkB ln(
1+
√
5
2 ) ensures an efficient cool-
ing in a vicinity of the FM→SB transition, while the
latter value S = NkB
1
2 ln(2) affords an effective cooling
nearby the SB→SA transition. The optimal entropy val-
ues for an effective cooling are consistent with the respec-
tive ground-state degeneracies reported previously for the
relevant field-induced transitions.
E. Specific heat
Last but not least, let us turn our attention to typi-
cal dependences of the specific heat on temperature and
magnetic field as displayed in Fig. 6. Thermal varia-
tions of zero-field specific heat exhibit a single rounded
Schottky-type maximum, which is slightly higher for the
latter particular case with the SA ground state (Fig.
6(b)) in comparison with the former particular case with
the SD ground state (Fig. 6(a)). As far as the low-
temperature field dependence of the specific heat is con-
cerned, the specific heat displays as a function of the
external magnetic field two marked peaks around the
transition fields towards the intermediate SB state. In
the consequence of that, the simple thermal dependence
of the zero-field specific heat passes to a more complex
temperature dependence with two more or less separated
round maxima by turning on the external magnetic field,
whereas the most pronounced double-peak specific heat
curves can be found in a neighborhood of the transition
fields.
V. ISING-HEISENBERG VS. HEISENBERG
TETRAHEDRAL CHAIN
In this section, the ground-state phase diagram and
zero-temperature magnetization curves of the spin- 12
Ising-Heisenberg tetrahedral chain will be confronted
with the analogous results obtained for the fully quan-
tum spin- 12 Heisenberg tetrahedral chain with the help
of DMRG method. Recall that the DMRG calculations
were performed for the effective spin-1 Heisenberg chain
with up to 80 sites and 1200 kept states, which afford
sufficiently precise estimate of the ground-state energy
to construct the numerically exact ground-state phase
diagram of the spin- 12 Heisenberg tetrahedral chain [27].
The ground-state phase diagrams of the spin- 12 Ising-
Heisenberg and Heisenberg tetrahedral chain are plotted
together in Fig. 7. It is quite obvious from this fig-
ure that both ground-state phase diagrams exactly coin-
cide for sufficiently weak values of the interaction ratio
J1
J ≤ 0.5. Under this condition, the zero-temperature
magnetization curve of both investigated spin-chain mod-
els exhibits strict magnetization plateaux at zero and
half of the saturation magnetization, which end up at
macroscopic magnetization jumps associated with a clos-
ing singlet-triplet gap and respectively, the breakdown
of the state with the highest density of independent lo-
calized one-magnon states [54–58]. The high numerical
precision of the constructed ground-state phase diagram
is also confirmed by rigorous analytical results for two
associated transition fields hc1 = J and hc2 = J +2J1 of
the spin- 12 Heisenberg tetrahedral chain, which has been
proved by the strong-coupling approach in the parameter
region J1J ≤ 0.5 [26].
The first difference between the ground-state phase di-
agrams of the spin- 12 Ising-Heisenberg and Heisenberg
tetrahedral chain can be found by considering J1J ∈
(0.50, 0.64) when the latter Heisenberg chain exhibits
a gapless Luttinger spin-liquid (SL) ground state just
before reaching the saturation. The respective zero-
temperature magnetization curve supporting this state-
ment is presented in Fig. 8(a). If the interaction ra-
tio is selected from the interval J1J ∈ (0.64, 0.71), the
gapless Luttinger SL state also emerges in between SD
and SB ground states instead of a direct field-induced
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FIG. 7: The ground-state phase diagram of the Heisenberg
tetrahedral chain (red solid lines) is plotted along with the
ground-state phase boundaries of the Ising-Heisenberg tetra-
hedral chain (blue broken lines). For better clarity, the nota-
tion for individual ground states is given just for the Heisen-
berg tetrahedral chain.
transition in between those ground states. However,
the magnetization plateaux at zero and one-half of the
saturation magnetization still persist in a magnetization
process of the Ising-Heisenberg and Heisenberg tetrahe-
dral chains including their SD and SB nature. The rel-
evant zero-temperature magnetization curves, which il-
lustrate a continuous change of the magnetization in a
parameter region in between zero and one-half magneti-
zation plateaux are depicted in Fig. 8(b)-(c). Finally,
the most crucial difference between a magnetic behav-
ior of both considered spin-chain models can be detected
for J1J ≥ 0.71. In this parameter space, the respective
ground state of the spin- 12 Heisenberg tetrahedral chain
is formed by the Haldane-like (HD) state with the en-
ergy gap ∆ = 0.41J1 unlike the other gapped SD and
SA ground states of the spin- 12 Ising-Heisenberg tetrahe-
dral chain. Consequently, the magnetization of the spin-
1
2 Heisenberg tetrahedral chain remains zero until the
magnetic field closes the Haldane gap and then it contin-
uously rises with the external field until the saturation
magnetization is reached (see Fig. 8(d)).
VI. CONCLUSION
In summary, we have provided a detailed study of
the spin- 12 Ising-Heisenberg tetrahedral chain, which
has been exactly solved by taking advantage of lo-
cal conservation for the total spin on the Heisenberg
bonds and transfer-matrix technique. In particular, we
have examined the ground state, magnetization process,
quantum entanglement, magnetocaloric effect and over-
all thermodynamics of this exactly solvable spin-chain
model. Exact results for the ground state and zero-
temperature magnetization curves of the spin- 12 Ising-
Heisenberg tetrahedral chain have been also confronted
with the corresponding results of the analogous but fully
quantum spin- 12 Heisenberg tetrahedral chain obtained
within the framework of DMRG calculations.
The most interesting finding stemming from the
present study can be viewed in providing correlation be-
tween the magnetic behavior and thermal entanglement
of the spin- 12 Ising-Heisenberg tetrahedral chain. It has
been demonstrated that the magnetization plateaux ob-
servable at sufficiently low temperatures manifest them-
selves in respective plateaux of the concurrence, which
has been exploited for measuring the bipartite entangle-
ment between two spins coupled by the Heisenberg in-
teraction. The exactly solved Ising-Heisenberg tetrahe-
dral chain thus verifies the well-known dictum that the
ground-state concurrence and other entanglement wit-
nesses undergo a discontinuous change across the first-
order quantum phase transition driven by the exter-
nal magnetic field [7, 21, 22]. In addition, the abrupt
temperature-induced changes of the concurrence in a
close vicinity of the critical fields afford a clear signature
of first-order quantum phase transtions at finite temper-
atures. The spin- 12 Ising-Heisenberg tetrahedral chain
exhibits a lot of other interesting features including the
enhanced magnetocaloric effect or double-peak specific
heat curves. It should be stressed, moreover, that the
exact results for thermodynamic quantities of the spin- 12
Ising-Heisenberg tetrahedral chain might also be useful
for a better understanding of the magnetic behavior of
the quantum spin- 12 Heisenberg tetrahedral chain at fi-
nite temperatures on assumption that the intra-rung cou-
pling is at least twice as large as the inter-rung coupling.
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